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w The  N a v i e r - S t o k e s  equat ion  in v e c t o r i a l  f o r m  is [1, 2] 

~V 
~7 " "~ x v=--vH--v~" X "~ (1.1) 

w h e r e  ~ -: r o t v ;  H = p / p  * v2/2  * H; v is the  ve loc i ty  vec to r ;  t is the t ime;  p is the  p r e s s u r e ;  D is the dens i ty ;  
II is the potent ia l  of vo lume  f o r c e s ;  and v is the k inema t i c  v i s c o s i t y  coeff ic ient .  

Eddying flows of  i n c o m p r e s s i b l e  fluids with axial  s y m m e t r y  a r e  cons ide red .  Having  d i r e c t e d  the z axis 
a long the s y m m e t r y  axis  of the  flow, a c y l i nd r i ca l  c o o r d i n a t e  s y s t e m  r ,  ~0, z is adopted,  and with the  aid of  the  
r e l a t i o n  

v = V • (--i~T'r) + i.~qb'r, (1.2) 

w h e r e  i~0 is the  unit  vec to r  in the d i r e c t i o n o f  the az imu th  angle  ~p, one in t roduces  in (1.1) the s t r e a m  funct ion  �9 as  wel l  
as the  funct ion r = rv~0 wh ich  c h a r a c t e r i z e s  the d i s t r i bu t ion  of  the p e r i p h e r a l  ve loc i ty  of  the flow v~o. One no-  
t i ces  tha t  the  f o r m u l a  for  the  v e c t o r  vo r t i c i t y  fl r e s e m b l e s  in i ts  c o n s t r u c t i o n  the f o r m u l a  (1.2): 

.o. = V X (ir --  i~EW/r .  

Equat ion  (1.1) now spl i t s  into two p a r t s :  

r--~ E2~Is O~ -' 2t Oq)~'rOz OrO "~Org --  vEegr, iz"c  [z" :r "~r 2 for - - -~ l - - -~  - -  vE2vlY lr~-~ vH;  (1.3) 

Or § r-~O(vf, cb)/O(z, r) = vE~r (1.4) 

In the  above equat ions  E 2 is the  d i f fe ren t ia I  o p e r a t o r  in the  cy l i nd r i ca l  coo rd ina t e s  and is g iven by 

E '~ =: d2/052 @ ~z'Or'- - -  O/rOt; 

O(q~, ~ ) / O ( z ,  r) is the  J a c o b i a n  of  the  funct ions ,I, and ~. 

Thus ,  the N a v i c r - S t o k e s  vec to r  equat ion  (1.1) is equivalent  to the fol lowing s y s t e m  of t h r e e  s c a l a r  equa-  
t ions  fo r  the v a r i a b l e s  ~ and ~I,: 

0 n  i 0q) 2 , 0 '0q r __vE2~ ) = r  6--3-' {E"-T § "2.0z T Or ('~T j 

I Z , 'lor ~fo't' ) o~  E W  2 rot ~ ' ( W  - -  ~.t.22~ = r _ W .  ' 

+ ,--'o ( v ,  |  r) = 

By applying the ro t  o p e r a t o r  to the l e f t -  and r i gh t -hand  s ides  of  (1.3), one finds 

(1,5) 

d (E2~) ~_ 1 3 (qC r-eEz~F) aq)z ~ vE4~. (1.6) 
d-'~ * " d (z, r) r~Oz 

Thus ,  the k i n e m a t i c s  of  an a x i s y m m e t r i c  flow of i n c o m p r e s s i b l e  v i s c o u s  fluid is ful ly d e s c r i b e d  by 
the  s y s t e m  of equat ions  (1.4), (1.6), which  r e p r e s e n t  a c o r o l l a r y  of the  N a v i e r - S t o k e s  v e c t o r  equation. 

T h e s e  equat ions  w e r e  in t roduced  in [3] as  a p a r t i c u l a r  c a s e  of equat ions  is c u r v i l i n e a r  o r thogona l  c o -  
o rd ina te  s y s t e m s .  

In the c a s e  of  flow wi th  no swi r l  (~ = 0), Eq. (1.6) was  a l so  obtained in [2]. 
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A r e l a t i o n  s i m i l a r  to the  B e r n o u l l i  equa t ion  is  d e r i v e d  in  d i f f e r e n t i a l  f o r m .  To th i s  end,  both  s i d e s  of 
(1.1) a r e  s c a l a r l y  m u l t i p l i e d  by the d i f f e r e n t i a l  of  the  r a d i u s - v e c t o r  dR = l zdz  + i r d r  + iCrd(p. By us ing  (1.4), 
a f t e r  s o m e  t r a n s f o r m a t i o n s  one f inds  

" 2 Oz ~ r u t  r -O-[---vE~T d z +  E"-T O~ 1 oo 2 o [o~ Or 2 Or r'o~\-O-t - - v E 2 ~  (1.7) 

.~2. We now c o n s i d e r  the  c a s e  of a x i s y m m e t r i c  flows of v i s c o u s  f l u id s  in wh ich  the  func t ion  r is  
p r o p o r t i o n a l  to t he  s t r e a m  func t ion  on q ,  tha t  i s ,  

r = kT, (2.1) 

w h e r e  k i s  a p s e u d o s c a l a r  c o n s t a n t  of the  d i m e n s i o n  of the  w a v e  n u m b e r .  

By i n s e r t i n g  (2.1) into (1.4) one o b t a i n s  

k (  7 - -  vE'~F ) = 0 .  

The  e x p r e s s i o n  w i t h i n  the  b r a c k e t s  i s  de f ined  as  fo l lows :  

(A is  a cons t an t ) .  

By r e w r i t i n g  (1.6) as  

and o b s e r v i n g  tha t  

one f i n d s  in v iew of  (2.2) t ha t  

- ~  - -  vE~T = vAt  ~ (h = 9~ 

i rO( V ~i'i ~ [  O~ r-2E"~r) 2]~,'-'~F - -  -- '" 

E~r 2 = O, - -  2~  r-~Oz = 1" 0 (z, r) 

(2.2) 

0 (~, r -2  (E2'F § k2g:)) = 0. 
0 (z, r) 

C o n s e q u e n t l y ,  t h e r e  is  a func t iona l  r e l a t i o n  b e t w e e n  the  e x p r e s s i o n  r-2(E2~ , + k2!Iq and the s t r e a m  func t ion  

~, in w h i c h t h e  v a r i a b l e s  z and r do not  a p p e a r  e x p l i c i t l y .  

I t  is  a d v i s a b l e  to  s e t  

E ~  + k~F-=- r~F'(~), (2.3) 

w h e r e  F(q,) is  an a r b i t r a r y  func t ion  of  q~ and the  p r i m e  i n d i c a t e s  d i f f e r e n t i a t i o n  w i th  r e s p e c t  to the  a r g u m e n t .  

I t  fo l lows  f r o m  (1.7) tha t  

H - -  H 0 (t) (k =~ 0), (2.4) 
F ( T ) =  H + 2 A v z - - C  ( k = O ) .  

In the  aboveH0( t )  i s  an  a r b i t r a r y  func t ion  of  t and C i s  a cons t an t .  It is  now a s s u m e d  tha t  

F(UJ) = A T .  (2.5) 

In th i s  c a s e  (2.2) b e c o m e s  

-{ - k ~ v ~  = 1 0  r~fvA (k=# 0), (2.6) 0qr 
0Y (to = 0). 

It  fo l lows  f r o m  the  l a t t e r  t ha t  fo r  k = 0 (flow wi th  no sw i r l )  the  f low is  s t a t i o n a r y  and the  de f in ing  s t r e a m  func-  
t i on  s a t i s f i e s  the  equa t ion  fo r  the  s t r e a m  func t ion  of  an a x i s y m m e t r i c  v o r t e x  flow of n o n v i s c o u s  f lu id:  

EaW= Ar  2, 

w h i l e  t he  m o d u l u s  of  the  r o t  of  a v e c t o r  is  p r o p o r t i o n a l  to  the  d i s t a n c e  b e t w e e n  the  po in t  and the s y m m e t r y  

ax i s  o f  t h e  f low,  tha t  i s ,  
~Q = Ar.  (2.7) 
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Equation (2.4) for the total energy of the (outer) mass unit of fluid for this kind of flow is 

H = A ~ - - 2 v A z  ~-C. 

It  is  of i n t e r e s t  to us tha t  in  the  flow u n d e r  c o n s i d e r a t i o n  the  e n e r g y  r e s e r v e  o v e r  the  e n t i r e  f luid m a s s  
does  not  r e m a i n  c o n s t a n t  on the  s t r e a m  s u r f a c e s  ~, = c o n s t  but  d e p e n d s  l i n e a r l y  on z. Such f lows w e r e  i n -  
v e s t i g a t e d  in d e t a i l  in  [2]. 

By s e t t i n g  ,IJ = 0 at  the  o r i g i n  one f inds  tha t  the  c o n s t a n t  C is  equa l  to the  t o t a l  e n e r g y  H 0 p e r  uni t  m a s s  
of f lu id  at  th is  point ;  thus ,  Eq. (2.7) can  f i na l ly  be  w r i t t e n  as  

H == A ~ - -  2vAz + Ho. 

Only the  c a s e  of k r 0 and A r 0 i s ,  in  f ac t ,  new. In th i s  c a s e  by i n t e g r a t i n g  Eq. (2.6) one f inds  

~t r == ,~(z, r) exp (--k2vt) + k-~Ar ", (2.8) 

w h e r e  by v i r t u e  of (2.3) and (2.5) the  func t ion  $(z,  r) s a t i s f i e s  the  equa t ion  of a f r i c t i o n l e s s  h o m o g e n e o u s  s c r e w -  
l i ke  flow wi th  an  i n t e n s i t y  k = c o n s t  and a v a n i s h i n g  0 e r i p h e r a l  v e l o c i t y  on the s y m m e t r y  ax i s  of the  flow [4]: 

E25 + k2~ == 0. (2.9) 

The  p r o j e c t i o n s  of the  v e l o c i t y  and of the  v e c t o r  v o r t i c i t y  a r e  g iven  h e r e  by  the  r e l a t i o n s  

0~'_.. exp ( - -  k2vt) - '  (2.10) ,- - - -  - -  2 k  " A :  
" z r O r  " 

.:. = i'~i" exp (- -  k2vt), ~,'~ .= --~ exp ( - -  k~vt) + k - lAr ;  

--..~ = - - k v . . .  or  == _ k v r ,  o = - - k v ~ +  Ar.  (2.11) 

The  e x p r e s s i o n s  show tha t  the  c o m p o n e n t s  of  the  v e c t o r s  v and 12 a r e  c o l i i n e a r  in an a x i a l  p l ane .  

T h u s ,  the  flow u n d e r  c o n s i d e r a t i o n  can  be  r e p r e s e n t e d  by  the  s u p e r p o s i t i o n  of  two f lows:  a s c r e w l i k e  
one w i th  the  s t r e a m  func t ion  ,$(z, r) exp  (-k2ut) and the  flow s p e c i f i e d  by the s t r e a m  func t ion  k -2Ar  2. The  l a t t e r  
is  a n a l y z e d  be low.  

In the  c a s e  u n d e r  c o n s i d e r a t i o n ,  Eq. (2.4) a s s u m e s  the  f o r m  

H ~ A T  + llo(t), (2.12) 

w h e r e  H0(t) is  the  t o t a l  e n e r g y  p e r  uni t  m a s s  of  the  f luid on the  flow s u r f a c e  ~ = 0. T h e  r e l a t i o n  (2.12) c a n  a l s o  
be  o b s e r v e d  d i r e c t l y  f r o m  the  s y s t e m  (1.5). 

Thus ,  on the  flow s u r f a c e s  ~I, = c o n s t  the  t o t a l  e n e r g y  p e r  uni t  m a s s  of a f lu id  d e p e n d s  only  on t ime .  

In t he  p a r t i c u l a r  c a s e  A = 0, the  r e l a t i o n s  (2.1), (2.8)-(2.12) d e t e r m i n e  a h o m o g e n e o u s  s c r e w l i k e  flow 
of v i s c o u s  f lu id  w i th  v a n i s h i n g  a z i m u t h a l  v e l o c i t y  on the s y m m e t r y  ax i s .  As  a l r e a d y  shown in [1], the  s o l u t i o n  
of Eq. (2.9) m u l t i p l i e d  by  exp (-k2ut) s a t i s f i e s  the  N a v i e r - S t o k e s  equat ion .  The  c o n c l u s i o n  tha t  a h o m o g e n e o u s  
s c r e w l i k e  f l o w  of  a v i s c o u s  i n c o m p r e s s i b l e  f lu id  s u b j e c t e d  to  c o n c e n t r a t e d  e x t e r n a l  f o r c e s  c a n  only  b e  un -  
s t e a d y  (damped) was  c o n f i r m e d  in [5]. 

One no tes  tha t  fo r  t ~ ~ one has  

T = k - ~ A r  ~', (1) = k--tAr ~. (2.13) 

T h e  above  func t ions  d e t e r m i n e  a s i n g l e - p a r a m e t e r  s t e a d y  flow in w h i c h  the  f luid has  a c o n s t a n t  ax i a l  v e l o c i t y  
w = - 2 k - 2 A  and r o t a t e s  as  a s o l i d  body wi th  a n g u l a r  v e l o c i t y  w = 1/212z = k-~A. F l o w s  of  th i s  t ype  d e t e r m i n e d  by 
func t ions  w h i c h  d e p e n d  only on the d i s t a n c e  f r o m  the  po in t  to  the  s y m m e t r y  ax i s  w i th  a v a n i s h i n g  r a d i a l  vel ( )c i ty  
c o m p o n e n t  a r e  c a l l e d  c y l i n d r i c a l  [6], s i n c e  c i r c u l a r  c y l i n d e r s  a r e  t h e i r  B e r n o u l l i  s u r f a c e s .  In  the  Sovie t  l i t e r -  
a t u r e  [4] such  f lows a r e  s o m e t i m e s  r e f e r r e d  to as  o n e - p a r a m e t e r  c i r c u l a t i o n  f lows o r  s c r e w l i k e  f lows .  S ince  
in the  c a s e  u n d e r  c o n s i d e r a t i o n  one has  [6] H = 1/2w2 + w2r 2, t h e r e f o r e ,  by c o m p a r i n g  th i s  equa t ion  wi th  (2.12) 
one c o n c l u d e s  tha t  fo r  t ~ ~ ,  H0(t) --- 1/2w2. 

The  p a r a m e t e r s  A and k c a n  be  g iven  a s p e c i f i e d  p h y s i c a l  s e n s e  by e x p r e s s i n g  t h e m  in t e r m s  of the  ax i a l  
and a n g u l a r  v e l o c i t y  of  an a s y m p t o t i c a l l y  s t a b l e  m o t i o n  (2.13). The  a b s o l u t e  va lue  of the  p a r a m e t e r  k is  equal  
to  t he  r a t i o  of  the  modu lus  of  the  r o t a t i o n  v e c t o r  to the  ax i a l  v e l o c i t y  (k = - 2 a ~ / w ) ;  the  va lue  of  the  p a r a m e t e r  
A is given by twice the ratio of the square of the angular velocity to the axial one (A :: -2a:2/w). 

The first term in (2/8) can now be regarded as a function characterizing the deviation of the flow function 
,I, from the flow function of a steady cylindrical flow (2.13). With time increasing this difference approaches 
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ze ro  due to the smoothing effect of viscosi ty,  and the flow asymptot ical ly  approaches the steady flow (2.13) 
in the entire domain. 

w A c i r cu la r  cyl inder  of radius a and of infinite length inside of which there  is a swirl ing flow of v is -  
cous fluid moves p rog res s ive ly  in the d i rec t ion of its axis with the velocity 

w(t -F (q/wa) exp (--k~vt)) 

and ro ta tes  about its axis with the constant  angular velocity 9. Then w is the axial velocity for an asymptot i ,  
t a l ly  steady motion of the cyl inder  when t - *  oo; q is a rea l  constant;  k = - 2 w / w .  

It is obvious that in the case  under considera t ion the flow is cyl indr ical  and the problem consis ts  in de-  
te rmining the pa rame te r s  of this flow. 

The motion is r e f e r r e d  to a r igid coordinate system.  The fluid flow within the cylinder can be descr ibed 
by using the function (2.8), where  k-2A = - i / 2 w  and ~(r) sat isf ies  Eq. (2.9), that is, 

dr "~ r-~r + k~r = 0. (3.1) 

The boundary conditions of the problem are  

vz I~-a--'w(l +-~aexpi--k2vt)), 

l)Cp l r = a ~ O)(1 .  

The f i r s t  condition is equivalent to 

and the second to 

0-'7- = -- wa -- q exp (-- klvt). 

T(t, a) = L-k0a:. 

One has thus a r r ived  at the following boundary-value problem: To find a solution of Eq. (3.1) which 
sat isf ies  the boundary conditions 

a~ 
d-'7 [,.,a = --  q; (3.2) 

~'(a) = N. (3.3) 

These two conditions must  be supplemented by another one, namely,  an implicit  boundary c o n d i t i o n -  
the velocity components have no singular i t ies  on the cyl inder  axis, that is,  for r = 0. 

These conditions a re  sat isf ied if for a par t icu lar  solution of (3.1) one adopts the function 

• CrJi(kr), (3.4) 

where  C is an a rb i t r a ry  constant;  J1 is a Bessel  function of the f i r s t  kind and of the f i rs t  order .  

The condition (3.3) shows that the eigenvalues for the problem under considerat ion are  k 1 = ~1 /a ,  k 2 = 
~ 2 / a , . . . ,  kn = h n / a  . . . . .  where  hi are  the zeros  of the Bessel  function J i(X), and one need only consider  

posit ive ze ros  without loss of generali ty.  

This indicates that the solution {3.4) does not descr ibe  the fluid flow in a channel for all values of w and 
9 ,  but only for those values for which the ra t io  2 w a / w  is one of the zeros  of the function JI(D. 

F r o m  the condition (3.2) one finds that 

c = _q/~.. .ro(~., ,)  (n = i ,  2 . . . .  ) ,  

and, consequently,  

q ~ P 

Therefore ,  the flow function for  the flow under considerat ion in a cyl indr ical  channel is 

i 2 q ._2 . - - - -  " L ~ :  ~'t~ ~ -- ---~wr - -~ jo(~n) rJi(~,  , )exp  (---n"~.). (3.5) 
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In the  p a r t i c u l a r  c a s e  of  the  p r o g r e s s i v e  m o t i o n  of the  c y l i n d e r  t a k i n g  p l a c e  wi thou t  i n i t i a l  v e l o c i t y  one 

has  q = - w a ,  and the  e x p r e s s i o n  (3.5) b e c o m e s  

t [ i  - ~ . _ ~ . r j 1 2  ~ ( n r )  ~ r e x p l  _ '  ~2u 

As  t ~ co the  e f fec t  of t he  w a l l  s p r e a d s  o v e r  the  e n t i r e  f lu id  w h i c h  i s  in m o t i o n  as  a s o l i d  body execu t ing  
a s e r e w l i k e  m o t i o n  t o g e t h e r  w i t h  t h e  tube .  

F o r  w = 0 (Xn - -  oo) one ob ta in s  the  w e l l - k n o w n  d i s t r i b u t i o n  of  c i r c u l a r  v e l o c i t y  on the  s t e a d y  m o t i o n  w i t h -  
in  the  u n i f o r m l y  m o v i n g  c i r c u l a r  c y l i n d e r  vr  = :or. 

A c o m p l e t e  l a c k  of  m o t i o n  of t he  c y l i n d e r  as  w e l l  as  of  the  f lu id  c o r r e s p o n d s  to  t he  r e l a t i o n  :o = 0 (k 0 := 0). 

w The  s t r e a m  func t ion  ,J~_ o b t a i n e d  in  [7] for  the  m o t i o n  of a f r i c t i o n l e s s  f lu id  w i t h i n  a s p h e r i c a l  s c r e w -  
l i k e  v o r t e x  is  m u l t i p l i e d  by exp (-k2vt) .  Then ,  by v i r t u e  of  t he  S tek lov  t h e o r e m  m e n t i o n e d  in Seco 2, one f inds  
t he  s t r e a m  func t ion  ~ , ,  w h i c h  d e s c r i b e s  the  s c r e w l i k e  m o t i o n  of a v i s c o u s  f luid i n s i d e  a s p h e r e .  By "g lu ing"  
t o g e t h e r  th i s  s o l u t i o n  and the  o u t e r  p o t e n t i a l  f low,  one c o m e s  to  the  c o n c l u s i o n  tha t  the  i n c o m i n g  flow on the  
s t a t i c  v o r t e x  m u s t  h a v e  the  v e l o c i t y  w 0 exp (-k2vt) and 

1F_ = ~ w 0 exp(- -  k%t) ~ B~/2],/~ b sin s 0 (R < a), 

w h e r e  w 0 is  the  i n i t i a l  v e l o c i t y  of the  a c c u m u l a t e d  flow; J1/2 and J3/2 a r e  the  B e s s e l  func t ions  of the  o r d e r s  1 / 2 
and 3 / 2 ;  R, 0 a r e  the  s p h e r i c a l  c o o r d i n a t e s  of a point ;  a is  the  v o r t e x  r a d i u s ;  b = 4.4934 is  the  lovcest  p o s i t i v e  
r o o t  of  t he  function J3/2(h); k = b / a .  

The  v e l o c i t y  c o m p o n e n t s  of the  i n n e r  m o t i o n  a r e  a l s o  o b t a i n e d  f r o m  the  r e s p e c t i v e  v e l o c i t y  c o m p o n e n t s  
of  t he  f r i c t i o n l e s s  m o t i o n  [7] by m u l t i p l y i n g  the  l a t t e r  by exp ( -b2p t / a2 ) .  

The  s t r e a m  func t ion  o u t s i d e  the  v o r t e x  is  

i 1F+ ---- -~ w 0 exp ( - -  b2vt/a ~) ( i  - -  a3/113) R 2 sin ~ 0 (R > a). 

The  m u l t i p l i e r  exp  ( - b 2 v t / a  2) r e f l e c t s  the  e f fec t  of  the  v i s c o u s  f low i n s i d e  the  v o r t e x  on t h e  f r i c t i o n l e s s  flow 
o u t s i d e  it. 

S ince  the  f lu id  o u t s i d e  the  v o r t e x  is  f r i c t i o n l e s s  and the  m o t i o n  is  u n s t e a d y  and r o t a t i o n l e s s ,  t h e r e f o r e ,  
t he  p r e s s u r e  on the  r o t a t i o n  b o u n d a r y  f r o m  the  o u t s i d e  c a n  be  found wi th  the  a id  of the  L a g r a n g e - C a u c h y  i n t e -  
g r a l :  

H+ = f (t) --  3 b2va-~wo exp (--  b~ ~ ) cos O, 

w h e r e  f(t) i s  an a r b i t r a r y  t i m e  funct ion.  

At  the  s a m e  t i m e ,  the  p r e s s u r e  on the  b o u n d a r y  f r o m  wi th in  the  r o t a t i o n  i s  d e t e r m i n e d  wi th  the  a id  of 
Eq. (2.12), w h i c h  in  th is  c a s e  a s s u m e s  a p a r t i c u l a r  s i m p l e  f o r m :  

H_ = Ho(t). 

If i t  is  r e q u i r e d  t ha t  the  t o t a l  e n e r g y  of the  f lu id  m a s s  on the  s p h e r e  s u r f a c e  be  con t inuous ,  t ha t  i s ,  tha t  
the  c o n d i t i o n  

be  s a t i s f i e d ,  one  f inds  tha t  

H+ + O cp!Ot = H_ for R = a 

IG (t) = / (0  = H +  (t), 

w h e r e  H* is  t he  va lue  of  the  t r i n o m i a l  H+ in t he  e q u a t o r i a l  p l a n e  (0 = ,T/2) of the  vo r t e x .  

S ince  the  v e l o c i t y  is  con t i nuous ,  the  p r e s s u r e  on the  b o u n d a r y  m u s t  s u f f e r  a d i s c o n t i n u i t y  (excluding  
the  po in t s  Of t he  equa to r ) .  A s i m i l a r  e f f ec t  o c c u r s  in t he  c a s e  of  a Hi l l  s p h e r i c a l  v o r t e x  w h i c h  c a r r i e s  the  
v i s c o u s  f lu id  in  the  f r i c t i o n l e s s  m e d i u m  [2]. 

A j u m p  in t he  n o r m a l  s t r e s s  r e s u l t s  in  a r o t a t i o n a l  s t r a i n  w h i c h  i s  i g n o r e d  h e r e .  In the  c a s e  of  a d r o p l e t  
i t  i s  c o m p e n s a t e d  fo r  by the  p r e s s u r e  s u r f a c e  t e n s i o n ,  w h i c h  i s  e x p e c t e d  to  be  s u f f i c i e n t l y  s t r o n g  to  m a i n t a i n  
t he  s p h e r i c a l  s h a p e  of  a d r o p l e t .  
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R e v e r s i n g  the mot ion analyzed at this point,  one obtains a spher i ca l  s c rewl ike  vor t ex  fil led by a v i s -  
cous fluid and moving in a s t r a igh t  l ine in a f r i c t ion less  fluid, s teady at infini ty,  with the veloci ty  w 0 exp • 
( - b 2 v t / a  2) in the d i rec t ion  of the z axis.  

The reac t ion  of the fluid to this vor tex  in the pro jec t ion  onto the d i rec t ion  of its motion is 

2 
R z = -~ b ~ a ~ w  o exp (--  b~vt/a2). 

This fo rce  d e c r e a s e s  in the cou r s e  of t ime  the m o r e  rapidly ,  the s m a l l e r  the vor tex  radius  and the 
g r e a t e r  the v i scos i ty  of the fluid filling it. 

1o 

2. 

3. 
4. 

5. 

6. 
7. 

L I T E R A T U R E  C I T E D  

V. A. Steklov, "A case  of mot ion of a viscous  i ncompres s ib l e  fluid," Soobshch. Khar 'kovsk .  Mat. Ob- 
shch. ,  Ser. 2, 5 (1896). 
L. M. Mi lne -Thomson ,  " A x i s y m m e t r i c a l  i sovis t ive  flows with vor t ic i ty  propor t iona l  to d i s tance  f r o m  
the axis ,"  Rev. Roum. Sci. Techn. Mec. Appl., 13, No. 6 (1968). 
Cur ren t  State of Hydroae rodynamics  of Viscous Fluids [Russian t rans la t ion] ,  Vol. 1, IL, Moscow (1948). 
O. F. Vas i l ' ev ,  P r inc ip le s  of Mechanics  of Screvclike and Circula t ion Flows [in Russian] ,  Gos~nergoiz -  
dat ,  M o s c o w -  Leningrad (1958}. 
N. L Alekseev ,  " G r o m e c k  flow for  i ncompres s ib l e  v iscous  fluid," Nauchn. Zap. Mosk. Gidromel iora t .  
Inst. ira. V. R. Wi l l i ams ,  17 (1948). 
G. K. Batchelor ,  An Introduct ion to Fluid Dynamics ,  Cambr idge  Univers i ty  P r e s s  (1967). 
A. G. Yarmi t sk i i ,  "A t h r e e - d i m e n s i o n a l  analog of a Chaplygin rota t ional  column (general ized Hill v o r -  
tex) ,"  Zh. Pr ik l .  Mekh. Tekh. Fiz . ,  No. 5 (1974). 

D I F F U S I O N  O F  P O L Y M E R  S O L U T I O N S  IN A 

B O U N D A R Y  L A Y E R  

A.  V. V d o v i n  a n d  A.  V. S m o l ' y a k o v  

T U R B U L E N T  

UDC 532.526 

In the l a s t  10 y e a r s  much  p r o g r e s s  has been  made  with the exper imen ta l  invest igat ion of the Toms  ef-  
fect  - the reduced  f r ic t ion  in turbulent  flows containing sma l l  amounts of h igh -molecu la r -we igh t  compounds 
(polymers) .  However ,  m o s t  expe r imen t s  have been made  at  a constant  po lymer  concentra t ion ,  e.g. ,  in con-  
nect ion with the flow of p rev ious ly  p r e p a r e d  solutions through pipes and channels .  Much less  at tent ion has 
been  paid to the m o r e  compl ica ted  but ve ry  impor tan t  p rac t i ca l  s i tuat ion in which a p o l y m e r  is introduced into 
a turbulent  boundary l aye r  (TBL) through a s u r f ace  slit .  In this  case ,  as a r e su l t  of turbulent  diffusion, the 
p o l y m e r  concent ra t ion  fal ls  off both d o w n s t r e a m  f r o m  the s l i t  and in a d i r ec t ion  no rma l  to the sur face .  On the 
one hand, the diffusion of the p o l y m e r  depends on the turbulent  mixing capabi l i ty  of the flow, while,  on the 
other  hand, it d i r ec t ly  affects  that  capabil i ty.  This  explains why the diffusion of act ive admixtures  in turbulent  
flows is m o r e  compl ica ted  and has been less  studied than that  of pa s s ive  admix tu res  that  do not affect  the flow. 

Qual i ta t ively ,  for  both act ive  and pa s s i ve  admix tures ,  the diffusion p r o c e s s  in TBL is c h a r a c t e r i z e d  by 
the exis tence  of t h r ee  zones along the flow. In the initial  zone, n e a r e s t  to the s l i t  sou rce ,  the admix ture  di f -  
fuses  f r o m  the wall  to the outer  edge of the viscous  sublayer .  In the following in t e rmed ia t e  zone the admixture  
p r o g r e s s i v e l y  occupies  the whole of the TBL and the th ickness  of  the diffusion l aye r  approaches  the th ickness  
of the dynamic  layer .  This  s tage  is followed by diffusion in the end zone. 

For  both act ive  and pa s s i ve  admix tu res  the initial  zone is ve ry  shor t  and at q _> 50v it is total ly  absent  
(q is the solut ion flow r a t e  pe r  unit length of the s l i t  and v is the k inemat ic  v i scos i ty  of the flow, so  that  the 
r igh t  s ide of the inequali ty is the flow r a t e  in the viscous  sublayer) .  For  p a s s i v e  admix tures  the in te rmedia te  
zone is a lso  sma l l  (about 60-80 TBL th icknesses)  [1]. Accordingly,  in the diffusion ca lcu la t ions  for  pas s ive  
admix tu re s  it is usual  to ignore  the p r e s e n c e  of the f i r s t  two zones and take into account only the third,  mos t  
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